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A TAME SEQUENCE OF TRANSITIVE BOOLEAN FUNCTIONS
MALIN P. FORSSTRÖM
Abstract. Given a sequence of Boolean functions pfnqně1, fn : t0, 1un Ñ t0, 1u, and a sequence
pXpnqqně1 of continuous time pn-biased random walks Xpnq “ pX
pnq
t qtě0 on t0, 1u
n, let Cn be the
(random) number of times in p0, 1q at which the process pfnpXtqqtě0 changes its value. In [6], the
authors conjectured that if pfnqně1 is non-degenerate, transitive and satisfies limnÑ8 ErCns “ 8,
then pCnqně1 is tight. We give an explicit example of a sequence of Boolean functions which
disproves this conjecture.
1. Introduction
The aim of this paper is to present an example of a sequence of Boolean functions, which show
that a conjecture made in [6], in its full generality, is false. To be able to present this conjecture,
we first give some background.
For each n ě 1, fix some pn P p0, 1q and let Xpnq “ pXpnqt qtě0 be the continuous time random walk
on the n-dimensional hypercube defined as follows. For each i P rns :“ t1, 2, . . . , nu independently,
let pXpnqt piqqtě0 be the continuous time Markov chain on t0, 1u which at random times, distributed
according to a rate one Poisson process, is assigned a new value, chosen according to p1´pnqδ0`pnδ1,
independently of the Poisson process. The unique stationary distribution of pXpnqt qtě0, denoted by
πn, is the measure pp1 ´ pnqδ0 ` pnδqbn on t0, 1un. Throughout this paper, we will always assume
that X
pnq
0
is chosen with respect to this measure. When t ą 0 is small, the difference between Xpnq
0
and X
pnq
t is often thought of as noise, describing a small proportion 1 ´ e´t « t of the bits being
miscounted or corrupted.
A function fn : t0, 1un ÞÑ t0, 1u will be referred to as a Boolean function. Some classical examples
of Boolean functions are the so called Dictator function fnpxq “ xp1q, theMajority function fnpxq “
sgn
`řn
i“1pxpiq ´ 1{2q
˘
and the Parity function sgn
`śn
i“1pxpiq ´ 1{2q
˘
(see e.g. [10, 5]). Since it is
sometimes not natural to require that a sequence of Boolean functions is defined for each n P N,
we only require that a sequence of Boolean functions is defined for n in an infinite sub-sequence of
N. Such sub-sequences of N will be denoted by N “ tn1, n2, . . .u, where 1 ď n1 ă n2 ă . . .. To
simplify notation, whenever we consider the limit of a sequence pxniqiě1 and the dependency on
N is clear, we will abuse notation and write limnÑ8 xn instead of limiÑ8 xni . Also, we will write
pxnqnPN instead of pxniqiě1.
One of the main objectives of [6] was to introduce notation which describes possible behaviours
of pfnpXpnqt qqtě0. Some of these definitions which will be relevant for this paper is given in the
following definition.
Definition 1.1. Let pfnqnPN , fn : t0, 1un Ñ t0, 1u, be a sequence of Boolean functions. For n P N ,
let Cn “ Cnpfnq denote the (random) number of times in p0, 1q at which pfnpXpnqt qqtě0 has changed
its value, i.e. let Cn :“ limNÑ8
řN´1
i“0 1pfnpXpnqi{N q ‰ fnpX
pnq
pi`1q{N qq. The sequence pfnqnPN is said
to be
(i) lame if
lim
nÑ8
P pCn “ 0q “ 1,
1
(ii) tame if pCnqně1 is tight, that is for every ε ą 0 there is k ě 1 and n0 ě 1 such that
P pCn ě kq ă ε @n P N : n ě n0,
(iii) volatile if Cn ñ8 in distribution.
In [6], the authors showed that a sequence of Dictator functions is tame and that a sequence
of Parity functions is volatile, while a sequence of Majority functions is neither tame nor volatile.
More generally, the authors also showed that any noise sensitive sequence of Boolean functions (see
e.g. [2, 5, 10]) is volatile, while any sequence of Boolean functions which is lame or tame is noise
stable [2, 5, 10]. As noted in [1] and [4], there are many sequences of functions which are both noise
stable and volatile, and hence the opposite does not hold.
Given a sequence ppnqně1, pn P p0, 1q, a sequence of Boolean functions pfnqnPN is said to be
non-degenerate if 0 ă lim infnÑ8 P pfnpXpnq0 q “ 1q ď lim infnÑ8 P pfnpXpnq0 q “ 1q ă 1. A Boolean
function fn : t0, 1un Ñ t0, 1u is said to be transitive if for all i, j P rns :“ t1, 2, . . . , nu there is
a permutation σ of rns which is such that (i) σpiq “ j and (ii) for all x P t0, 1un, if we define
σpxq :“ pxpσpkqqqkPrns, then fnpxq “ fnpσpxqq. To simplify notation, we will abuse notation slightly
and say that a sequence of Boolean functions pfnqně1 is transitive if fn is transitive for each n ě 1.
In [6], the authors show that a sufficient, but not necessary, condition for a non-degenerate sequence
pfnqnPN of Boolean functions to be tame, is that supn ErCns ă 8. It is natural to ask if this condition
is also necessary for some natural subset of the set of all sequences of Boolean functions. This is
the motivation for the following conjecture.
Conjecture 1.2 (Conjecture 1.21 in [6]). For any sequences ppnqně1 and N , if pfnqnPN is transitive,
non-degenerate and limnÑ8ErCns “ 8, then pfnqnPN is not tame.
The main objective of this paper is to show that this conjecture, in its full generality, is false.
This result will follow as an immediate conjecture of the following theorem, which is our main result.
Theorem 1.3. For any decreasing sequence ppnqně1 which satisfies pnˆ „ pn whenever |n ´ nˆ| “
opn, nˆq, limnÑ8 npn “ 8 and limnÑ8 nprn “ 0 for some r ě 2, there is a sequence of positive integers
N and a sequence pfnqnPN of Boolean functions, fn : t0, 1un Ñ t0, 1u, which (w.r.t ppnqně1) is
(a) non-degenerate,
(b) transitive,
(c) tame, and satisfies
(d) limnÑ8 ErCns “ 8.
In the proof of Theorem 1.3 we give explicit examples of sequences of functions which satisfies
the above conditions, and hence contradicts Conjecture 1.2, for sequences ppnqně1 which satisfies
the assumptions above. We remark however that this example cannot directly be extended to the
case 0 ! pn ! 1. In particular, the conjecture might hold with some additional restriction on the
sequence ppnqně1.
Remark 1.4. The assumption that limnÑ8 npn “ 8 is very natural. To see this, note that the
number of jumps of pXtqtě0 in p0, 1q is given by 2npnp1 ´ pnq, and hence if lim supnÑ8 npn ă 8,
then any sequence pfnqně1 of Boolean functions is tame and satisfies lim supnÑ8 ErCns ă 8.
Remark 1.5. With slightly more work, one can modify the example given in the proof of Theorem 1.3
to get a sequence of functions which, in addition to satisfying (a), (b), (c) and (d) of Theorem 1.3,
is also monotone in the sense that if x, x1 P t0, 1un, n P N , if xpiq ď x1piq for all i P rns, then
fpxq ď fpx1q.
Remark 1.6. The same idea which is used in the proof of Theorem 1.3 work in general to disprove
Conjecture 1.2 whenever one can find a non-degenerate, tame and transitive sequence of Boolean
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functions. In particular, this implies that the assumption that ErCns “ 8 can be dropped from
Conjecture 1.2.
With the previous remark in mind, we suggest the following modified conjecture.
Conjecture 1.7. If ppnqně1 satisfies limnÑ8 nprn “ 8 for all r ą 0, and pfnqně1 is transitive and
non-degenerate (w.r.t. ppnqně1), then pfnqně1 is not tame.
2. Proof of the main result
Definition 2.1 (Easily convinced tribes). Fix r ě 2 and n ě 1, and let ℓn ě 2 and kn be positive
integers with the property that ℓnkn “ n. Partition rns into kn sets Spnq1 , Spnq2 , . . . , Spnqkn , each of
size ℓn, and for x P t0, 1un, let gnpxq “ gpkn,ℓn,rqn pxq be equal to one exactly when there is some
j P t1, 2, . . . , knu such that
ř
iPS
pnq
j
xpiq ě r.
Since Definition 2.1 requires that knℓn “ n and that ℓn ě 2, gpkn,ℓn,rqn is only well defined when n
is not a prime, and we will in general only want to consider sub-sequences N of N which have the
property that kn and ℓn can be chosen such that they satisfy certain growth conditions.
We will now show that we can choose r, ppnqně1, N , pℓnqnPN and pknqnPN so that (a), (b) and
(d) of Theorem 1.3 hold.
Lemma 2.2. For any r ě 2 and any decreasing sequence ppnqně1 which satisfies pn P p0, 1q, pnˆ „ pn
whenever |n ´ nˆ| “ opn ^ nˆq, limnÑ8 npn “ 8 and limnÑ8 nprn “ 0, there is N and sequences
pℓnqnPN , pknqnPN of positive integers such that pgnqnPN is
(a) non-degenerate,
(b) transitive, and
(c) tame.
Proof. Assume that there are sequences L, pℓnqnPL and pknqnPN such that
(i) 2r ă inf ℓn,
(ii) limnÑ8 pnℓn “ 0, and
(iii) prnℓ
r
nkn — 1.
We first show that this assumption implies that the conclusions of the lemma hold, and then show
that we can find sequences L, pℓnqnPL and pknqnPN with these properties.
Proof of (a). Note first that
P pgnpXpnq0 q “ 0q “
ˆr´1ÿ
i“0
ˆ
ℓn
i
˙
pinp1´ pnqℓn´i
˙kn
. (1)
For integers 0 ă r ă ℓ such that 2r ă ℓ, define T : RÑ R by T pxq :“ řr´1i“0 `ℓi˘xip1´ xql´i. Then$’’’’’’&
’’’’’’%
T pxq “ řr´1i“0 `ℓi˘xip1´ xql´i
T 1pxq “ ´`ℓ
r
˘ ¨ rxr´1p1´ xqℓ´r
T 2pxq “ ´`ℓ
r
˘ ¨ rpr ´ 1qxr´2p1´ xqℓ´r ` `ℓ
r
˘ ¨ rpℓ´ rqxr´1p1´ xqℓ´r´1
. . .
T pmqpxq “ ´`ℓ
r
˘řm^r^ℓ´r
i“1
`
r
i
˘prqixr´ipℓ´ rqm´ip1´ xqℓ´r´ip´1qm´i
and hence $’&
’%
T p0q “ 1
T pmqp0q “ 0 if j “ 1, 2, . . . , r ´ 1
T prqp0q “ ´pℓqr.
3
Moreover, if we assume that x P p0, 1q and that ℓx ă 1, then for all ξ P p0, xq we have that
|T pr`1qpξq| “
ˇˇˇ
´
ˆ
ℓ
r
˙ rÿ
i“1
ˆ
r
i
˙
prqiξr´ipℓ´ rqr`1´ip1´ ξqℓ´r´ip´1qr`1´i
ˇˇˇ
ď
ˆ
ℓ
r
˙ rÿ
i“1
ˆ
r
i
˙
prqiξr´ipℓ´ rqr`1´i ď
ˆ
ℓ
r
˙ rÿ
i“1
ˆ
r
i
˙
prqiξr´iℓr´i`1
ď
ˆ
ℓ
r
˙ rÿ
i“1
ˆ
r
i
˙
prqi ¨ ℓ ď ℓr`12r.
Applying Taylor’s theorem to the right hand side of (1), and noting that 2r ă pr ` 1q!, we obtain
P
`
fnpXpnq0 q “ 0
˘ “ ´1´ pℓnqrprn ` Cnpr`1n ℓr`1n ¯kn
where |Cn| ă 1 for all n. By using the inequalities e´2x ď 1´ x ď e´x, valid for all x P r0, 1{2q, the
desired conclusion follows by applying (iii).
Proof of (b). Fix some n P L and i, i1 P rns. We need to show that there is a permutation σ which
is such that σpiq “ i1 and fnpσpxqq “ fnpxq for all x P t0, 1un. We now divide into two cases. First,
if i, i1 P Spnqm for some m P rkns, then we can set σ “ pii1q. On the other hand, if there are distinct
m,m1 P rkns such that i P Spnqm “ ti, i2, . . . , iℓnu and i1 P Spnqm1 “ ti1, i12, . . . , i1ℓnu, then we can set
σ “ pii1qśℓnj“2piji1jq. This concludes the proof of (b).
Proof of (c). Fix some n P L and note that whenever gnpXpnq0 q “ 1, the distribution of the smallest
time t ą 0 at which gnpXpnqt q “ 0 stochastically dominates an exponential distribution with rate r.
From this the desired conclusion follows.
To complete the proof of Lemma 2.2 it now remains only to show that there are sequences
N , pℓnqnPL and pknqnPN such that (i), (ii) and (iii) hold. To this end, for each n ě 1 let
ℓn :“ pnprnq´1{pr´1q and kn :“ n{ℓn “ pnpnqr{pr´1q. Then one easily verifies that 2r ă inf ℓn,
limnÑ8 pnℓn “ 0, and prnℓrnkn — 1. However, in general, neither ℓn nor kn need to be integers. To
fix this problem, define $’&
’%
nˆ :“ rℓns rkns,
ℓˆnˆ :“ rℓns, and
kˆnˆ :“ rkns.
Let N Ď N be an infinite sequence on which the mapping n ÞÑ nˆ it is a bijection, and let Nˆ be
its image. We will show that the desired properties hold for Nˆ , ppnˆqnˆPNˆ , pℓˆnˆqnˆPNˆ and pkˆnˆqnˆPNˆ . To
this end, note first that
inf
nˆPNˆ
ℓˆnˆ “ inf
nPN
rℓns ą inf
nPN
rℓns ą inf
nPN
ℓn ą 2r,
and hence (i) holds. Next, since nˆ ě n for each n P N and ppnqně1 is decreasing, we have that
pnˆ ď pn for all n P N. Using this observation, we obtain
lim
nˆÑ8
ℓˆnˆpnˆ ď lim
nˆÑ8
ℓˆnˆpn “ lim
nÑ8
rℓnspn “ lim
nÑ8
`
ℓnpn ` prℓns´ ℓnqpn
˘ “ 0,
and hence (ii) holds. Finally, to see that (iii) holds, note that for any n P N,
|n´ nˆ| “ ℓˆnˆ ´ kˆnˆ ´ ℓnkn “ rknsrℓns ´ ℓnkn
“ prkns´ knqprℓns ´ ℓnq ` ℓnprkns´ knq ` knprℓns´ ℓnq ă ℓn ` kn ` 1.
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Since both ℓn Ñ 8 and kn Ñ 8 by definition, |n ´ nˆ| “ opnˆq, and hence by assumption, pn „ pnˆ.
This implies in particular that for nˆ P Nˆ , we have
prnˆℓˆ
r
nˆkˆnˆ „ prnℓˆrnˆkˆnˆ “ prnrˆℓnsrrkns “ prn
`
ℓn ´ pℓn ´ rℓnsq
˘r`
kn ´ pkn ´ rknsq
˘
Using the assumption that pnℓn Ñ 0, it follows that
prnˆℓˆ
r
nˆkˆnˆ „ prn
`
ℓn ´ pℓn ´ rℓnsq
˘r
kn “ prnℓrnkn
rÿ
i“0
ˆ
r
i
˙ˆ
rℓns´ ℓn
ℓn
˙r´i
„ prnℓrnkn — 1.
This concludes the proof.

Remark 2.3. Using essentially the same argument as in the proof of Theorem 1.3(c), one can show
that for any r ě 2, N , pℓnqnPN and pknqnPN , we have limnÑ8 ErCnpgnqs ă 8. This implies in
particular that for any such sequences, pgnqnPN does not satisfy (c) in Theorem 1.3, and hence does
not provides a counter-example to Conjecture 1.2.
We now want to modify the sequence pgnqnPN slightly to obtain a sequence pfnqnPN of Boolean
functions which in addition to satisfying (a), (b) and (c) of Lemma 2.2 also satisfies limnÑ8 ErCnpfnqs “
8. To this end, we first define a degenerate sequence of Boolean functions with this property.
Definition 2.4. For each n ě 1, let an ą 0 and Hn :“ npn ` an
a
npnp1´ pnq. For x P t0, 1un, let
}x} :“ řni“1 xi and define hnpxq :“ Ip}x} ě Hnq.
Lemma 2.5. If limnÑ8 npn “ 8 and an “
a
logpnpnq, then phnqně1 is
(a) degenerate,
(b) transitive
(c) lame, and satisfies
(d) limnÑ8 E
“
Cnphnq
‰ “ 8.
Proof. Note first that the assumptions on ppnqně1 and panqně1 together imply that limnÑ8 an “ 8
and
?
npne
´a2n Ñ 8.
Proof of (a). By definition, we have E
“}Xpnq
0
}‰ “ npn and Var`}Xpnq0 }˘ “ npnp1 ´ pnq. Using
Chebyshev’s inequality, we thus obtain
P
`
hnpXpnq0 q “ 1
˘ “ P´}Xpnq
0
} ě E“}Xpnq
0
}‰` anbVar`}Xpnq0 }˘¯ ď a´2n .
Since an Ñ8, this implies that phnqně1 is degenerate, which is the desired conclusion.
Proof of (b). Since for any x P t0, 1un, hnpxq depends on x only through }x}, phnqně1 is transitive.
Proof of (c). Recall that whenever npnp1´ pnq Ñ 8,ˆ }Xpnqt } ´ npna
2npnp1´ pnq
˙
tě0
Dñ pZtqtě0,
where pZtqtě0 is a so-called Ornstein-Uhlenbeck process with infinitesimal mean and variance given
by µpzq “ ´z and σ2pxq “ 1 respectively (see e.g. pp. 170–173 in [7]). Given z P R, let τz denote
the first time t ě 0 at which Zt “ z, given that Z0 is chosen according to the stationary distribution
of pZtqtě0. By Corollary 1 in [8] (see also [3]), when z ą 0 is large, we have Eπrτzs „ 1{hˆpzq
and Varπpτzq „ 1{hˆpzq2, where hˆpzq “ z expp´z2{2q{
?
2π. By the Paley-Zygmund inequality, this
implies that for any finite time t ą 0, limzÑ8 P pτz ą tq “ 1. This implies in particular that phnqně1
is lame whenever if an Ñ8, completing the proof of (c).
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Proof of (d). By Proposition 1.19 in [6], for each n ě 1 we have
ErCnphnqs “
nÿ
i“1
I
ppnq
i phnq
where I
ppnq
i phnq is the so-called influence of the ith bit on hn at pn, defined as the probability that
resampling the ith bit of X
pnq
0
according to p1´ pnqδ0 ` pnδ1 changes the value of hnpXpnq0 q. Using
this result, we obtain
ErCnphnqs “ nIppnq1 phnq “ n
˜
P
`}Xpnq
0
} “ Hn ´ 1
˘ ¨ n´ pHn ´ 1q
n
¨ pn ` P
`}Xpnq
0
} “ Hn
˘ ¨ Hn
n
¨ p1´ pnq
¸
“ n
˜ˆ
n
Hn ´ 1
˙
pHn´1n p1´ pnqn´Hn`1 ¨
n´ pHn ´ 1q
n
¨ pn `
ˆ
n
Hn
˙
pHnn p1´ pnqn´Hn ¨
Hn
n
¨ p1´ pnq
¸
“ 2Hn
ˆ
n
Hn
˙
pHnn p1´ pnqn´Hn`1.
Using Stirling’s formula, it follows that
ErCnphnqs „ 2?npn ¨ e
´a2n?
2π
.
In particular, if
?
npne
´a2n Ñ 8, then limnÑ8ErCnphnqs “ 8. This completes the proof of (d).

We are now ready to give a proof of our main result.
Proof of Theorem 1.3. Fix some r ě 2 and sequences N , pℓnqnPN , pknqnPN and panqně1 so that
the assumptions of Lemmas 2.2 and Lemma 2.5 both hold. For n P N and x P t0, 1un, let Hn :“
npn ` an
a
npnp1´ pnq and define
fnpxq :“ gnpxqIp}x} ă Hn ´ 1q ` Ip}x} ě Hnq “ gnpxqIp}x} ă Hn ´ 1q ` hnpxq. (2)
Note that fnpxq and hnpxq agree whenever }x} ě Hn ´ 1. Combining Lemma 2.2 and Lemma 2.5,
the desired conclusion now immediately follows. 
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